Anisotropy in subsurface geological models is primarily caused by two factors: Sedimentation in shale/sand layers and fractures. The sedimentation factor is mainly modeled by Vertical Transverse Isotropy (VTI), whereas the fractures are modeled by a Horizontal Transversely Isotropic medium (HTI). In this paper we study hyperbolic and non-hyperbolic normal reflection moveout for a package of HTI/VTI layers, considering arbitrary azimuthal orientation of the symmetry axis at each HTI layer. We consider a local 1D medium, whose properties change vertically, with flat interfaces between the layers. In this case, the horizontal slowness is preserved; thus, the azimuth of the phase velocity is the same for all layers of the package. In general, however, the azimuth of the ray velocity differs from the azimuth of the phase velocity. The ray azimuth depends on the layer properties and may be different for each layer. In this case, the use of the Dix equation requires projection of the moveout velocity of each layer on the phase plane. We derive an accurate equation for hyperbolic and high-order terms of the normal moveout, relating the traveltime to the surface offset, or alternatively, to the subsurface reflection angle. We relate the azimuth of the surface offset to its magnitude (or to the reflection angle), considering short and long offsets. We compare the derived approximations with analytical ray tracing.
Introduction
Transversely Isotropic (TI) models with both vertical and horizontal symmetry axes have been extensively studied (e.g., Thomsen, 1986) . Within a given HTI layer, the fractures are considered aligned with a specific azimuth (e.g., Bakulin et al., 2000a Bakulin et al., , 2000b . In this study we extend the existing work on moveout approximation in HTI layered medium (e.g., Al-Dajani and Tsvankin, 1998, Grechka and , accounting for the deviation of the ray velocity from the phase velocity plane at each HTI layer. Consequently, the resulting relationships include the direction of the phase velocity, described by its zenith angle, phs θ (angle between the phase velocity and the vertical axis), and azimuth angle phs ϕ . The incidentreflected ray path in a vertically varying HTI layered medium with a flat reflector is symmetric due to the fact that the normal to the reflection plane is perpendicular to the axis of symmetry. Thus, the one-way path and the oneway moveout can be studied. (An extension to dipping layers is beyond the scope of this abstract). We derive the total traveltime and the lateral propagation for a package of layers, summing up these parameters for each individual layer. Since the azimuth of the phase velocity is the same for all layers, it can be considered a reference azimuth. The lateral displacements in the layers have different directions; therefore, before adding these values, we split them into two horizontal components: x component in the direction of the phase velocity azimuth, and y component normal to x . To make this decomposition possible, we establish the difference between the azimuth of the ray velocity and the azimuth of the phase velocity. Generally, this difference depends on both the zenith and the azimuth angles of the phase velocity. Obviously, within isotropic and VTI layers, the azimuths of the ray and the phase velocities are equal. Figure 1 shows the reflection scheme for an HTI layer. We introduce the zenith angles of the group and phase velocities, ray 
1D Ray Tracing in HTI Medium
and the traveltime is ray ray
It can be shown that the zenith angle of the ray velocity depends on the zenith angle of the phase velocity, 
and the difference between the azimuths of the ray and the phase velocities is ( ) phs ray ax phs ray ray sin sin
where ax ϕ is the azimuth of the medium axis of symmetry. The phase angle is related to the zenith angle of the phase velocity, ax phs phs cos sin cos
The ray angle ray α , along with the ray and phase velocities ray V and phs V , can be established using the known relationships for a TI medium (Tsvankin, 2001) . For an HTI medium, the "orthorhombic" set of Thomsen parameters 2 δ , 2 ε , 2 f and ver V may be converted to TI parameters δ , ε , f and P V , where the last one is the axial compression velocity (Tsvankin, 1997b , Grechka and Tsvankin, 1999 , Contreras et al., 1999 . Ray tracing is performed from the reflection point up to the surface with a given zenith angle of the phase velocity phs θ . The lateral slowness, which is constant along the ray, reads
For the upper layers we invert equation 7 and establish the zenith angle phs θ , given the lateral slowness p .
Normal Moveout Velocity for HTI Layered Medium
We have developed the sixth order moveout approximation for an HTI/VTI layered medium, which leads to a fourth order approximation of the difference between the azimuth of the offset on the earth surface and the azimuth of the phase velocity. The derivations of the high order approximation are too long for this abstract; therefore, we present here only the leading terms of the approximation:
The normal moveout velocity, nmo V , and a finite azimuth of the surface offset that corresponds to an infinitesimal offset magnitude, off ϕ . We introduce a small parameter 
The phase and ray angles are ( 
The zenith angles of the ray and the phase velocities are 
where we used a notation ( )
For a hyperbolic approximation, the azimuth of the ray angle is constant (independent of 
The lateral propagation is
and its components are 
Summing up the traveltimes and the lateral propagation components for all layers, we obtain the NMO velocity of the entire package, 
while for a VTI layer
The azimuth of the surface offset is
Equation 19 
This equation demonstrates that when there are only VTI layers in the package, the NMO velocity becomes the RMS velocity, and can be obtained using a standard Dix (1955) formula. Generally speaking, the projection of the NMO velocity on the phase azimuth, 
Numerical Examples
We present two numerical examples for the moveout and the offset azimuth approximation. In the graphs below, the black lines correspond to an exact ray tracing solution. The blue lines represent the hyperbolic moveout approximation and the approximation of the azimuth by a constant value. The green lines represent sixth order moveout and fourth order azimuth. In addition, we introduce a correction for the high order terms, so that the moveout and the azimuth converge to their exact values at infinite offset. The asymptotically corrected approximations are shown by red lines. The horizontal axis in each plot shows both surface offset (bottom labels) and reflection angle (top labels). In the first example (Figures 2-4) , we consider a package of five layers with the following properties: . Thus, in Package 1, the thicknesses of the two HTI layers are relatively close, and the orientations of the symmetry axes are of the same sign. As we see in Figure 5 , the range of change in the surface azimuth is relatively small. This is not the case in Package 2, however. In this package, the two HTI layers have axis azimuths of opposite signs, and the deepest HTI layer is very thin. Therefore, this layer has little influence on the moveout velocity (and thus on the moveout and offset azimuth for small reflection angles). For very large offsets, the propagation occurs primarily in this layer, since it has the highest propagation velocity of all the layers, and the influence of the rest of the package is negligible for large offsets. This results in a relatively large azimuth range in Figure 7 . To demonstrate the convergence of high-order approximations to an exact solution for small offsets, we plot the errors of the approximations in Figures 3 and 6 for Packages 1 and 2, respectively. In all the examples shown, the sixth order approximation with the asymptotic correction gives excellent results.
Conclusions
High-order approximations for traveltime and offset azimuth have been derived for a package of HTI/VTI layers with flat interfaces and different fracture orientation. An asymptotic correction for the high-order moveout term has been introduced to match the exact value at infinite offset. The correction coefficients are governed by the layer with the fastest ray velocity. The numerical examples demonstrate good convergence for the moveout and correct tendencies for the offset azimuth. The asymptotic π correction yields an excellent convergence. To compute the projection of the NMO velocity in the direction of the phase velocity azimuth, it is required first to establish the projections of individual NMO velocities for each layer in the same direction, and then to apply the RMS operation to the projected components. It is clearly shown that for a package that includes HTI layers with conflicting fracture orientations, for a given fixed azimuth of the phase velocity, the range of the surface offset azimuths is meaningful. Thus, the surface azimuth sectorizing approach, normally used in the standard azimuthal analysis, is no longer accurate. It is therefore preferable to sectorize the azimuths of the phase velocity directly at the subsurface image point, and to perform the azimuthal anisotropy analysis in this angle domain. 
